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Quantum chaos is one of the distinctive features of the Sachdev-Ye-Kitaev (SYK) model, N Majorana
fermions in 0 + 1 dimensions with infinite-range two-body interactions, which is attracting a lot of interest
as a toy model for holography. Here we show analytically and numerically that a generalized SYK model with
an additional one-body infinite-range random interaction, which is a relevant perturbation in the infrared, is still
quantum chaotic and retains most of its holographic features for a fixed value of the perturbation and sufficiently
high temperature. However a chaotic-integrable transition, characterized by the vanishing of the Lyapunov ex-
ponent and spectral correlations given by Poisson statistics, occurs at a temperature that depends on the strength
of the perturbation. We speculate about the gravity dual of this transition.
Motivated by its potential applications in high-energy and
condensed matter physics, and also because of its simplic-
ity, research on fermionic models with infinite-range random
interactions [1–9], now generally called Sachdev-Ye-Kitaev
(SYK) models [10–13], has flourished in recent times [11, 14–
34]. Interesting research lines currently being investigated in-
clude not only applications in holography [10–13] but also
in random matrix theory [25–27, 30, 32, 34], possible ex-
perimental realizations [19, 35, 36], and extensions involv-
ing nonrandom couplings [24, 28], higher spatial dimensions
[18, 21, 31, 37, 38], and several flavors [39].
A natural question to ask [18, 21, 24, 31, 37–39] is to what
extent holographic properties are present in generalized SYK
models. For instance, similar features are observed for non-
random couplings [24] and in higher-dimensional realizations
of the SYK [37, 38] model. However, in some cases, the
addition of more fermionic species can induce a transition
to a Fermi liquid phase [31] or a metal-insulator transition
[18, 21], which, at least superficially, spoils a holographic in-
terpretation. Here we study the stability of chaos and holo-
graphic features of a generalized SYK model consisting of N
fermions in 0 + 1 dimension with infinite-range two-body ran-
dom interaction perturbed by a one-body random term
H =
1
4!
N∑
i, j,k,l=1
Ji jkl χi χ j χk χl +
i
2!
N∑
i, j=1
κi j χi χ j , (1)
where χi are Majorana fermions so {χi, χ j} = δi j. The cou-
plings Ji jkl and κi j are Gaussian-distributed random variables
with zero average and standard deviation
√
6J
N3/2 ,
κ√
N
respec-
tively [10, 12]. We study the model [12, 13] by introducing
replica fields, averaging over disorder and decoupling the
replica fields by two Hubbard-Stratonovich transformations
that allow the integration of the original fermionic variables.
The resulting partition function is expressed in terms of the
bilocal fields G(τ1, τ2) and Σ(τ1, τ2): Z =
∫
[DG][DΣ]e−NS eff ,
where
S eff = −12Tr log(∂τ − Σ) +
1
2
∫
dτdτ′
[
G(τ, τ′)Σ(τ, τ′)
− J
2
4
G(τ, τ′)4 − κ
2
2
G(τ, τ′)2
]
. (2)
The saddle point equations in imaginary time, which become
exact in the large-N limit of interest, are:
G−1n = −iωn − Σn , Σ(τ) = −J2G(τ)2G(−τ) + κ2G(τ) , (3)
where ωn = (2pi/β)(n + 1/2), Gn ≡ G(iωn) and Σn ≡ Σ(iωn).
In the long time, strong coupling limit, where conformal
symmetry holds, the solution of the Schwinger-Dyson (SD)
equations is dominated by the one-body term and therefore
[10, 12] the zero-temperature entropy always vanishes. The
low-temperature limit of the specific heat is directly related
to the leading correction to the conformal Green’s function.
A simple power-counting argument in the SD equations
suggests that it has contributions from both terms. Therefore
we expect the specific heat still to be linear with a slope c
that may depend on κ. We confirm these results by exact
diagonalization of Eq. (1) with J = 1. For a given set of pa-
rameters, we have obtained at least 106 eigenvalues. We have
computed, following [26, 30], the entropy at zero-temperature
s0 and the specific heat by using standard thermodynamic
relations and a finite-size scaling analysis. As was expected,
we have found a vanishing s0 for any κ and a linear specific
heat with c ∝ N f (κ) with f ∼ 0.5/κ for small κ and a steady
increase for larger κ. We note that all these features, including
s0 = 0 [40], are consistent with the existence of a gravity dual.
We have confirmed these results by an explicit evaluation
of the free energy from Eqs. (2) and (3). See Suppermental
Material, Secs. A and B for more details. Next we employ
level statistics [41] to investigate the effect of the one-body
perturbation in the quantum chaotic features of the model.
Level statistics.– For that purpose, we compute, from the
exact diagonalization of Eq. (1), the level spacing distribu-
tion P(s), the probability to find two consecutive eigenvalues
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FIG. 1. Upper: P(s) for N = 34 and different κ’s with κ in units of
J = 1. We clearly observe a crossover from Wigner-Dyson (WD) to
Poisson statistics as κ increases. Lower: Finite-size scaling analysis
of the averaged adjacent gap ratio 〈r〉 Eq. (4) as a function of κ for
different N’s. For sufficiently large N we observe a crossing at κc ≈
66 which suggests the existence of a chaotic-integrable transition.
Results for larger N would be necessary to confirm it. See main
text for an explanation of the absence of crossing for small N. Both
P(s) and 〈r〉 were computed by using ensemble and spectral average
in a window comprising 10% of the eigenvalues around the center
of the spectrum. Results are robust to changes in the percentage of
eigenvalues provided that the spectrum edges are avoided.
Ei, Ei+1 at a distance s = (Ei+1 − Ei)/∆, that probes the sys-
tem dynamics for times of the order of the Heisenberg time
∼ ~/∆ with ∆ the mean level spacing. For an insulator, or
a generic integrable system, it is given by Poisson statistics,
PP(s) = e−s [41], while for a quantum chaotic system it is
given by WD statistics [44] which is well approximated by the
Wigner surmise, PW(s) ≈ 32pi2 s2 exp
(
−4s2/pi
)
, for systems with
broken time reversal invariance [41]. For a meaningful com-
parison with these predictions, unfolding the spectrum [41] is
necessary so that ∆ = 1 by a local fitting of the numerical
spectral density by a smooth function which is subsequently
employed to rescale the spectrum.
Results for P(s) as a function of κ, depicted in Fig. 1, show
a gradual crossover from Poisson to WD statistics as κ de-
creases, which is also observed in the tail of the distribution
(see inset). Unlike the standard SYK model [25, 26], the one-
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FIG. 2. Upper: Connected spectral form factor gc(t) for the un-
folded spectrum from Eq. (5) for N = 30, J = κ = 1 and different
β’s. For small β, we observe the correlation hole [42, 43] followed
by a ramp typical of quantum chaotic systems. As β increases, that
probes the tail of the spectrum, results are not conclusive. Lower: A
finite-size scaling analysis, also with J = 1, of the average adjacent
gap ratio 〈r〉β Eq. (4), where, unlike the previous figure, the aver-
age is weighted by the function exp(−β(Ei + 2Ei+1 + Ei+2)/4) but the
spectrum is not unfolded. Here we have excluded the ten smallest
eigenvalues from the analysis because 〈r〉 for such eigenvalues at the
spectral tail is anomalous high even in the large κ limit. For details,
see the supplemental material. For β = 0.2, which probes the low
energy part of the spectrum, we observe a crossing at κc ≈ 25 that
seems to indicate a chaotic-integrable transition. However the size
dependence is too weak to confirm the existence of the transition.
body term breaks time reversal invariance for all N. As was
mentioned previously, for J = 0 the Hamiltonian is effectively
noninteracting which suggests that Poisson statistics applies
in the N → ∞ limit. In order to determine whether Poisson
statistics is robust for J  κ, and therefore a transition oc-
curs at a finite κ, we carry out a finite-size scaling analysis
employing as scaling variable the adjacent gap ratio [45–47],
ri =
min(δi, δi+1)
max(δi, δi+1)
(4)
for an ordered spectrum Ei−1 < Ei < Ei+1 where δi = Ei−Ei−1.
The average adjacent gap ratio for a Poisson distribution is
〈r〉P = 2 ln(2) − 1 ≈ 0.386 while for WD statistics is ≈ 0.599
[48]. In Fig. 1, 〈r〉 is depicted as a function of κ for different
3N’s. Only 10% of the total number of eigenvalues, located
around the center of the spectrum, are employed in the calcu-
lation. We stick to values of N for which time reversal symme-
try is broken even in the absence of one-body term in Eq. (1).
As was expected, except for κ  10, 〈r〉 is very close to the
WD result for any N. Only for κ ≥ 25, a crossover to Poisson
statistics is observed. For N ≤ 22, we did not observe a cross-
ing point in the plot, and moreover, 〈r〉 gradually approaches
the WD prediction, which suggests that the system is quantum
chaotic for any κ. However, for N ≥ 30, we observe a crossing
at κ = κc ≈ 60. This is an indication of a transition from chaos
to integrability, though it would be necessary to explore larger
N’s to confirm it. A possible explanation for the different be-
havior for small N is that the lowest eigenvalues (the most
infrared part of the spectrum) are strongly correlated. The rea-
son is that the one-particle sector for κ → ∞, which controls
the lowest energy properties, is known [30] to be described by
a skew-orthogonal random matrix. The number of eigenval-
ues related to one-particle states decreases exponentially with
N, which would explain why its contribution is only relevant
for sufficiently small N.
We note the existence of the gravity dual is related to the
properties of the model in the low-temperature, strong cou-
pling limit described by the tail, not the bulk of the spectrum
studied above. Moreover, we are also interested in the nature
of level statistics for shorter timescales where random matrix
theory predicts level rigidity [41]. In order to investigate these
issues, we compute the connected spectral form factor of the
unfolded spectrum
gc(t) ≡
〈
Z(t, β)Z∗(t, β)
Z(0, β)2
〉
−
∣∣∣∣∣∣
〈
Z(t, β)
Z(0, β
〉∣∣∣∣∣∣2 (5)
where Z(t, β) = Tre−βH−iHt and β > 0. For quantum chaotic
systems, and also for the unperturbed SYK model [26, 30],
we expect a correlation hole [30, 42, 43, 49, 50] for interme-
diate times followed by a ramp, related to the level rigidity
observed in quantum chaotic systems [41]. We note that, by
increasing β, we probe the tail of the spectrum. Results, de-
picted in Fig. 2, show that for κ = 1 the ramp is still observed
for sufficiently small β. In order to clarify the situation for
larger β, which probes the spectral correlations of the smallest
eigenvalues, we again carry out a finite-size scaling analysis
of the averaged adjacent gap ratio 〈r〉 [Eq. (4)], but the av-
erage is weighted by β (see caption of Fig. 2) so that the low
energy part of the spectrum is singled out.
A crossing seems to be observed (see lower plot of Fig. 2)
at κ = κc ≈ 25. This is a signature of a chaos-integrable tran-
sition in the tail of the spectrum. However, results are not
conclusive because the size dependence is weak for large κ.
We only note that, in qualitative agreement with the results of
next section, κc for β = 0.2 is smaller than in Fig. 1, where
effectively β ≈ 0. It is worth mentioning that similar chaotic-
integrable transitions in level statistics have been previously
studied in the context of nuclear physics [51] and quantum
chaos [7, 52–54] in somehow related models such as complex
fermions with infinite-range interactions and a random diag-
onal one-body term or interacting systems with short-range
interactions [55].
In summary, the finite-size scaling analysis is not fully
conclusive to detect the chaotic-integrable transition. In or-
der to confirm it, we investigate next out-of-time-order four-
point correlation functions where quantum chaotic features
are characterized by a finite Lyapunov exponent [56–58].
Out-of-time-order four-point correlation function.– In the
semiclassical limit, the time evolution of certain out-of-time-
order correlation function experiences a period of exponential
growth [58, 59] around the Ehrenfest time t∗ ∼ λ−1L log(~/S 0),
where S 0 is a typical action of the system and λL is the classi-
cal Lyapunov exponent. By contrast, for nonchaotic systems,
the growth of t∗ with ~ is only power law [60]. The applica-
tion of these ideas in high-energy physics, where ~ is traded
by a parameter ∼ 1/N that controls small quantum gravity
corrections, has led to the proposal that black holes are quan-
tum chaotic [56] with a Lyapunov exponent that saturates a
recently proposed universal bound λL ≤ 2pikBT/~ [57]. We
now study whether these chaotic features are present in Eq.
(1). We compute λL from the following [12, 57, 61] out-of-
time-order correlator
F(t1, t2)≡ 1N2
N∑
i, j
Tr
[
ρ(β)
1
4 χi(t1)ρ(β)
1
4 χ j(0)ρ(β)
1
4 χi(t2)ρ(β)
1
4 χ j(0)
]
' GR(t1)GR(t2) + 1NF (t1, t2) + O
( 1
N2
)
, (6)
where ρ1/4(β) =
(
e−βH
Z
)1/4
is inserted [57] along the thermal
cycle to regularize the otherwise divergent operator. It is pos-
sible to show that F (t1, t2) satisfies
F (t1, t2) =
∫
dt3dt4KR(t1, t2, t3, t4)F (t3, t4) , (7)
KR(t1, t2, t3, t4) = GR(t1)GR(t2)
[
3J2G2lr(t3 − t4)+κ2
]
, (8)
whereGR(ω) = G(iωn → ω+i0+) is the retarded Green’s func-
tion in real frequency and Glr(t) is the Wightman function ob-
tained from Glr(ω) = 2ie
−βω/2
1+e−βω Im(GR(ω)). In order to compute
these two-point functions we follow the strategy employed in
Refs. [12, 31]. We analytically continue iωn → ω + i0+ the
saddle point equations (3) and solve them using the spectral
representation of the retarded Green’s function. Substituting
the ansatz F (t1, t2) = eλL(t1+t2)/2 f (t12), where t12 = t1 − t2, into
Eq. (7) and expressing it in the frequency domain, we obtain
the following eigenvalue equation for f (ω),
f (ω′)=
∣∣∣∣∣GR (ω′+iλL2
)∣∣∣∣∣2 [κ2 f (ω′)+3J2∫ dω2pi glr(ω′−ω) f (ω)
]
(9)
where ω′ = ω1 − iλL/2 and glr(ω) =
∫
dteiωtGlr(t)2. Finally,
we compute λL by imposing the existence of a nondegenerate
eigenvalue equal to one so that Eq. (9) is satisfied.
Results, depicted in Fig. 3, show the system displays
chaotic behavior, namely, the Lyapunov exponent λL is fi-
nite, for all studied values of κ and sufficiently high temper-
ature. However, even in the strong coupling limit, λL never
4FIG. 3. Lyapunov exponent λL for the model Eq. (1) with J = 1 as
a function of the inverse temperature β = 1/T and κ. From top to
bottom, κ = 0, 0.2, 0.5, 1, 2. A finite λL, which is a signature of
quantum chaos, is observed for a fixed κ and not too low temperature.
For sufficiently low temperatures, and κ > 0, we identify a T ∗(κ) such
that λL = 0 for any T < T ∗(κ) which signals a chaotic-integrable
transition. (Inset) Critical value of κ = κc at which the transition takes
place as a function of β. Dots result from fitting the numerical data
of the main plot near the transition. The solid line is the analytical
expression from Eq.(15) valid in the large-q limit. Agreement with
the numerical data is reasonable for κ/J  1.
approaches the bound λL = 2pikBT/~. Indeed, for a given
temperature, λL decreases as κ increases and eventually van-
ishes for sufficiently strong κ or, for a fixed κ, for sufficiently
low temperature. Therefore, quantum chaos is robust to the
introduction of a relevant one-body perturbation but only if it
is weak enough and the temperature is high enough. We now
confirm these results analytically by studying the following
model with q/2-body interactions,
H = i
q
2
∑
1≤i1<i2<···<iq≤N
Ji1,i2,...,iq χi1χi2 . . . χiq + i
∑
1≤i< j≤N
κi jχiχ j , (10)
where κi j and Ji1,i2,...,iq are again Gaussian-distributed random
variables with zero average and q-dependent variances κ
2
qN ,
2q−1
q
(q−1)!J2
Nq−1 , and q  1, respectively. As before, we fix J and
use κ and β as the only parameters. The key insight is that the
retarded kernel in this model, given by
KR(t1,t2,t3,t4)=
GR(t1)GR(t2)
q
[
(q−1)J2Glr(t3−t4)q−2+κ2
]
(11)
simplifies considerably in the limit of q  1, allowing for an
analytical solution of the eigenvalue problem in Eq.(7). First,
we proceed in the same way as for the model (1) to find an ef-
fective action and the associated saddle point equations anal-
ogous to Eqs.(2) and (3). In the limit q  1, the saddle point
equations can be consistently expanded in terms of
G(τ) =
q1
1
2
sgn(τ)
[
1 + q−1g(τ) + O(q−2)
]
(12)
yielding a non-linear boundary value problem for g,
∂2θg = 2(βJ)
2eg(θ) + (βκ)2, (13)
with θ = τ/β ∈ (0, 1). The retarded kernel Eq.(11) is thus ob-
tained by analytical continuation of the resulting G(τ) and, as
mentioned before, for q  1 it is given by a simpler expres-
sion,
KR(t1, t2, t3, t4) = θ(t13)θ(t24)
(
2J2eg(τ=it34+β/2) + q−1κ2
)
,
(14)
where g(τ) is the solution of Eq.(13) and is given explicitly as
a power series in κ/J  1 in the Supplemental Material, Sec.
C. We again use the ansatz F (t1, t2) = eλL(t1+t2)/2 f (t12) in order
to rewrite the eigenvalue problem in Eq.(7) as a Schro¨dinger
equation for f (t12). The eigenstates of the resulting equation
are found perturbatively in κ/J  1, giving a correction O(κ2)
to the Lyapunov exponent. This correction is given in terms of
an integral that, for low temperature βJ  1, is approximated
by
βλL
2pi
∣∣∣∣∣q1
κJ
=1− (βκ)
2
pi2
[
1
72
+
19 − 18 log pi
36βJ
+ O
(
1
(βJ)2
)]
. (15)
The transition occurs when λL = 0, which leads to a β-
dependent critical κ = κc. For instance, κc(β=133) ∼ 0.2J
and κc(β=53) ∼ 0.5J, which is in good agreement (see Fig. 3)
with numerical results for q = 4. We refer to Sec. C of the
Supplemental Material for additional details.
Finally, we note these types of transitions are generic [55],
so it would be interesting to identify their gravity dual. We
speculate with the possibility that the gravity dual of the
transition studied in this Letter is a Hawking-Page transi-
tion where the black hole and thermal gas phases correspond
to the chaotic and integrable phase, respectively. In con-
clusion, we have found that the SYK model perturbed by a
random one-body term is still chaotic in the limit of suffi-
ciently high temperature or weak perturbation. However, for
a given strength of the perturbation, the system undergoes a
chaotic-to-integrable transition for sufficiently low tempera-
tures which may have a gravity dual interpretation.
Note added: Close to completion of this work, we became
aware of three papers [62–64] that study a somehow similar
generalized SYK model though the focus of these papers is
rather different. Ref. [64] studies quantum quenches while
the other two investigate a two fermion species generalization
of the model in which a transition occurs by tuning the number
of fermions.
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Appendix A: Numerical Thermodynamic properties
In this appendix we present explicit results for the low tem-
perature limit of the entropy and the specific heat that, for
space limitations, could not be included in the main text. The
zero temperature limit of the entropy, s0, was obtained by ex-
act diagonalisation of the Hamiltonian Eq.(1) for different N
and κ. We note that for any finite N the entropy will van-
ish in the T → 0 limit [65]. Therefore, to justify a zero
entropy in this limit it is necessary to extrapolate the finite
N numerical results to the N → ∞ limit. However, this
does not seem strictly necessary as the N dependence, de-
picted in Fig. 4, is very weak, especially for κ ≥ 1. A sim-
ple extrapolation of the curves for larger N to the T = 0
limit leads to a zero-temperature entropy which is smaller
than 10−3 for all κ’s. These results are fully consistent with
the N → ∞ results, which have been obtained by fitting
logZ
N = −E0β + s0 + c2β + c1β2 + c2β3 for J = K = 1. In order to
obtain logZN we solve Eq. (3) as described previously in Refs.
[12, 38]. We use a Fast Fourier transform to switch between
frequency and time domains and solve iteratively until conver-
gence. Forωn = 2piT (n+1/2) we take −Nω/2 < n < Nω/2−1,
with Nω = 224 and Nt = 4Nω points in the frequency and time
domains.
We now move to the study of the low temperature limit of
the specific heat C(T ) per Majorana obtained by exact diago-
nalisation. For that purpose we employ the following thermo-
dynamic expression:
C(T ) =
〈
1
NZ
∑
k
(Ek − E¯)2
T 2
e−βEk
〉
, (16)
where Z is the partition function, 〈. . .〉 stands for ensemble
average and k labels the eigenvalues for a given disorder real-
isation with average E¯.
We carry out quenched averages, namely, the specific heat
is computed separately for each disorder realisation. The final
specific heat is the arithmetic average over all disorder reali-
sations. We then fit the low temperature limit by a low order
polynomial in temperature. The coefficient of the linear term
is the specific heat coefficient, c, which in units of N and with
the coupling constant set to one, is pi/(6κ) for κ → ∞ and ≈ 0.4
for the unperturbed two-body SYK model (κ = 0) [12, 26]. As
shown in Fig. 5, for large κ, c is indeed very close to pi/(6κ).
Only for κ  1 we observe a moderate increase of c.
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FIG. 4. Entropy S as a function of temperature T from the exact
diagonalisation of Eq.(1) for different N’s and κ where kB stands for
the Boltzmann constant. The number of eigenvalues employed is
mentioned in the main text. The weak dependence on N is consistent
with a vanishing zero temperature entropy.
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FIG. 5. Specific heat C(T ) as a function of temperature, in units of
J/κB, obtained from Eq.(16) and the exact diagonalisation of Eq.(1)
for N = 34 and different κ’s. The specific heat is clearly linear in
the low temperature limit with a slope that it is close to the κ = 0
prediction c = pi/6 for any κ ≤ 1.
This is a further confirmation that the ground state and low-
est energy excitations of the Hamiltonian Eq.(1) are mostly
controlled by the random-mass term. We cannot study ar-
bitrarily small κ because it would require to reach very low
temperatures that compromise the numerical accuracy of the
results. We have checked that the obtained specific heat coef-
ficient c is robust to changes in the fitting interval. We have
observed that for N ≤ 30 the value of c does not have a mono-
tonic dependence on N which makes difficult to carry out a
finite-size scaling analysis. For that reason, unless otherwise
stated, the fitting is restricted to the largest N = 34 that can
be reached numerically. Finally, in Fig. 6, we compare the
specific heat coefficient c obtained from the large-N fitting of
logZ
N , as explained above with the exact diagonalisation result
6given in Fig. 5. Deviations are consistent with 1/N corrections
only taken into account in the latter.
FIG. 6. Specific heat coefficient c as a function of κ. The exact di-
agonalisation result, shown in blue crosses, is the slope of the fitting
curve in Fig. 5. The black dots are obtained from fitting −β FN = logZN
obtained from the numerical solution of the large-N saddle point
equations Eq.(3). The dashed line corresponds to c = pi/(6κ), the an-
alytical value when the Hamiltonian only contains the random-mass
term [12]. Differences between the two results are consistent with
1/N ∼ 0.03 corrections only retained in the exact diagonalisation
result.
Appendix B: Analytical Low Temperature Thermodynamic
properties
We carry out an analytical calculation of the low tempera-
ture thermodynamic properties of the generalised one+two-
body SYK model in the limit of large N. Since the exact
solution for the one-body Hamiltonian is known analytically,
it will be convenient to develop the perturbative approach
around this exact ground state. For this purpose, it will be
convenient to consider a rescaled model given by
H˜ =
i
2!
N∑
i, j=1
κi jχiχ j +
κ˜
4!
N∑
i, j,k,l=1
Ji jkl χiχ jχkχl , (17)
where the standard deviation of the random couplings Ji jkl and
κi j are given by
√
6κ˜
N3/2 and
1√
N
respectively [66]. The disorder
averaged effective action associated with the rescaled Hamil-
tonian is given by
S˜ eff = −12Tr log(∂τ − Σ) +
1
2
∫
dτdτ′
[
G(τ, τ′)Σ(τ, τ′)
− κ˜
2
4!
G(τ, τ′)4 − 1
2
G(τ, τ′)2
]
, (18)
where G(τ, τ′) ≡ − 1N
∑N
i=1〈Tχi(τ)χi(τ′)〉 is the Euclidean
many-body correlator.
We will proceed in two steps, first we find a perturbative
solution of the rescaled SD equations and then we compute
the low temperature limit of the free energy by substitution of
the obtained Green’s function in the action.
Perturbative solution of the SD equation.- The SD equa-
tions derived from Eq.(18) can be written in Fourier space as
G(ωn)2 +
[
iωn + κ˜2 σ(ωn)
]
G(ωn) + 1 = 0, (19)
where we have defined σ(ω) =
∫
dτ eiωnτGβ(τ)3. For κ˜ =
0, the system is noninteracting and Eq.(19) simplifies to an
algebraic quadratic equation in G, which is solved exactly by
G0(ωn) =
−iωn + isgn(ωn)
√
4 + ω2n
2
. (20)
The subindex ‘0’ in G0(ωn) indicates it is the solution to the
κ˜ = 0 noninteracting limit. For κ˜ > 0, Eq.(19) is an integral
equation, and cannot be solved exactly. We proceed with a
perturbative solution in the limit κ˜  1. Let
G(ωn) =
κ˜1
G0(ωn) + κ˜2 g(ωn) + O(κ˜4). (21)
Inserting in Eq.(19) and expanding in κ˜, we find
g(ωn) = − G0(ωn)iωn + 2G0(ωn)σ0(ωn) (22)
where σ0(ω) =
∫
dτ eiωτG0(τ)3 acts as a source for the first
order correction. The prefactor can be written exactly,
G0(ωn)
iωn + 2G0(ωn)
=
1
2
1 − ωn sgn(ωn)√
4 + ω2n
 . (23)
However σ0(ωn) requires more effort since we first need
Gβ0(τ). Note that the only temperature dependence of G0(ωn)
is through the Matsubara frequencies, and thus disappear upon
analytic continuation iωn →  + i0+. This is expected since
κ˜ = 0 is essentially a noninteracting system, and the spec-
tral density should not be temperature dependent. However,
for any κ˜ > 0 the system is interacting, and we do expect
non-trivial temperature dependence in G(ωn). As we will see
below, this comes exactly from the non-linearity induced by
the σ0 contribution.
Finite temperature.- We analytically continue iωn → +i0+
Eq.(20) to get the zeroth order (in κ˜) retarded Green’s function
which corresponds to the noninteracting limit
GR0 () =
− + i√4 − 2
2
, (24)
Note that, as discussed above, temperature dependence has
disappeared. The zeroth order spectral function is
ρ0() = 2Im GR0 () =
√
4 − 2I[−2,2](), (25)
where IA(x) is the characteristic function of the set A. Note
this is the well-known Wigner semicircle distribution for the
spectral density of a random matrix. It should come at no sur-
prise since for κ˜ = 0 the Hamiltonian of the system is a sparse
random matrix. The spectral function allow us to analytically
continue G0(ωn) to the whole complex plane as
G0(z) =
∫
R
dλ
2pi
ρ(λ)
λ − z , (26)
7and provide a useful way of getting the different Green’s func-
tions. To get the finite temperature Matsubara Green’s func-
tion, we set z = iωn and sum over the frequencies Gβ(τ) =∑
n∈Z
eiωnτG(iωn), as usual in the Matsubara formalism:
Gβ0(τ) =
∫
R
dλ
2pi
ρ(λ)e−λτ
1 + e−βλ
. (27)
In principle we have everything we need to compute σ0(ωn)
and thus the first order correction g(ωn). However, in the lack
of a closed expression, we proceed with a low temperature ex-
pansion of Eq.(27). More, precisely we expand the integrand
of Eq.(27), where ρ(λ) = ρ0(λ) is given in Eq.(25), for large
β. We then perform the integration order by order giving
Gβ0(τ) =β1
(
− 5pi
8
32768β9
+
pi6
1024β7
− pi
4
128β5
+
pi2
8β3
+
1
β
)
csc piθ +
(
1025pi8
4096β9
− 91pi
6
512β7
+
5pi4
32β5
− pi
2
4β3
)
csc3 piθ
+
(
−7245pi
8
2048β9
+
105pi6
128β7
− 3pi
4
16β5
)
csc5 piθ +
(
4725pi8
512β9
− 45pi
6
64β7
)
csc7 piθ − 1575pi
8
256β9
csc9 piθ + O(β−11), (28)
where we define θ = τ/β ∈ (0, 1). We now expand Gβ0(τ)3
in 1/β and perform the Fourier transform to get σ0(ωn) =∫ β
0 dτ e
iωnτGβ0(τ)
3. Inserting this into Eq.(22), together with
Eq.(23), we get an expression for g(ωn) that should be added
to the zeroth order solution Eq.(20) (see Eq.(21)). Analyti-
cally continuing this expression iωn →  + i0+ and expand-
ing in low frequencies gives an approximation for the analytic
continuation of Eq.(21) GR() = G(iωn → ):
GR() =
1

[(
− 3pi
7
8192β8
− 3pi
3
128β4
+
pi
8β2
)
κ˜2 − 1
2
]
+ κ˜23
(
− 3pi
7
65536β8
− 913pi
5
645120β6
− 17pi
3
3840β4
− pi
64β2
+
1
8pi
)
+ κ˜27
(
− 9pi
7
1048576β8
− 913pi
5
5160960β6
− 41pi
3
20480β4
− pi
384β2
+
1
128pi
)
+ κ˜27
(
− 15pi
7
8388608β8
− 913pi
5
27525120β6
− 121pi
3
393216β4
− 17pi
30720β2
+
7
3840pi
)
+ i2
[(
913pi5
322560β6
+
23pi3
7680β4
+
pi
16β2
− 1
4pi
)
κ˜2 − 1
8
]
+ i4
[(
311pi3
122880β4
+
5pi
1536β2
+
1
64pi
)
κ˜2 − 1
128
]
+ i6
[(
7pi
15360β2
+
1
3840pi
)
κ˜2 − 1
1024
]
+ i8
[
59κ˜2
2580480pi
− 5
32768
]
+ O(9, κ˜4). (29)
where we have conveniently separated the real and imaginary
parts. The real part of the retarded Green’s function is odd,
while the imaginary part which gives the spectral density is
even. Note that the effect of interactions is mainly to renor-
malise the coefficients of the free κ˜ = 0 model, with both zero
and finite temperature contributions. This reflects the fact that
the interactions are irrelevant compared to the hopping term.
At zero temperature β = ∞, corrections only appear at order
2. This means that the low frequency behaviour of the ground
state of the system is unchanged.
Low temperature expansion of the free energy.- To com-
pute the free energy density of the model, we have to insert
the finite temperature saddle point solution we obtained in the
sections above into the effective action Eq.(18). As mentioned
earlier, we expect the low temperature expansion to be given
by
−βF
N
= −βE0 + s0 + c2β + O(β
−2). (30)
where E0 is the ground state energy density, s0 the zero tem-
perature entropy density and c the specific heat coefficient.
Our aim in this section is to compute these coefficients for
small κ˜. One can check that the integral terms in Eq.(2) do not
contribute to these lowest order coefficients, and the leading
contributions come from the Tr log term. By definition, it is
given by
Tr logG = β
∑
n∈Z
logG(iωn)eiωn0
+
. (31)
We can write this sum over Matsubara frequencies as the
residue of the complex integral
∫
γ
dz
2pii logG(z)n(z)e
z0+ where
8n(z) = (1 + eβz)−1 and the contour γ englobes the poles at
z = iωn. The integrand also has a branch cut along the real
axis. Since the integral decay at infinity, we can deform γ to
wrap around the branch cut in the real axis. This leads to
1
2
Tr logG = β
∫
γ
dz
2pii
logG(z)n(z)ez0
+
= β
∫
R
d
2pii
n()
[
logG( + i0+) − logG( − i0+)]
= β
∫
R
d
pi
n()Im logGR() = β
∫
R
d
pi
Arg GR()
1 + eβ
,
(32)
where GR() = G(iωn →  + i0+). For κ˜ = 0, GR() is simply
given by Eq.(24). Thus,
Arg GR0 =

pi
2 − tan−1
(
−√
4−2
)
for || < 2,
pi if  ≥ 2,
0 if  ≤ −2,
(33)
giving
1
2
Tr logG0 = β
∫ 2
−2
d
pi
pi
2 − tan−1
(
−√
4−2
)
1 + eβ
+ β
∫ ∞
2
d
1 + eβ
=
β1
β(pi − 1) + log
(
1 + e−2β
)
+
pi
12β
+ O(β−3),
(34)
where in the last equality we used the Sommerfeld expansion
for the Fermi-Dirac distribution n() =
β1
θ(−) − pi26β2 δ′() +
O(β−4). The log term is exponentially decaying, and does not
contribute in Eq.(30). For κ˜ = 0 we restore the units by taking
the coupling κi j to have a standard deviation parametrized by
a scale K: K/
√
N. Therefore, we conclude that for κ = 0 we
have E0 = (1 − pi) KN, s0 = 0 and c = pi6 NK . These values
are consistent with the previous results in the literature for the
SYK model at q = 2 [12]. Note that the term proportional to
β−1 in the low temperature expansion only depends on deriva-
tives of the argument evaluated at  = 0. Thus for κ˜ = 0 the
specific heat coefficient only depends on the low frequency
properties of the retarded Green’s function.
For κ˜ > 0, we only have access to the IR low frequency re-
sult in Eq.(29). Naively inserting this in Eq.(32) leads to UV
divergences due to unboundedness of the integrals. Note this
was not needed for κ˜ = 0 since the compact support of the
spectral function comes naturally from the exact solution. But
UV divergences are expected since the perturbative IR solu-
tion does not hold for large frequencies. We therefore intro-
duce an UV cutoff λ to regularise the integrals. We will show
that this leads to cutoff dependent ground state energy, but
cutoff independent entropy and specific heat. This is expected
given that, as discussed above, the specific heat is determined
by the IR behaviour of GR. Although there is some freedom
in the choice of λ, it is largely constrained by non-perturbative
properties of the spectral function ρ() = 2Im GR, which must
satisfy the sum rule
∫
d
2piρ() = 1 and positivity ρ() ≥ 0.
These constraints give us a consistent way to fix the cutoff:
we choose λ such that
∫ λ
−λ
d
2piρ() = 1 [67]. This ensures that|| < λ saturates the spectral weight, and therefore for || ≥ λ
the perturbative solution breaks down. It is easy to check that
this choice automatically satisfies positivity of ρ. With this
discussion in mind, we take
Arg GR =

pi
2 − a(, κ˜, β) for || < λ,
pi if  ≥ λ,
0 if  ≤ −λ,
(35)
where we define a(, κ˜, β) = tan−1
(
Re GR
Im GR
)
with GR given in
Eq.(29). As in Eq.(34), the integral over (λ,∞) gives an expo-
nentially decaying term that does not contribute to the thermo-
dynamic coefficients. The remaining integral over (−λ, λ) can
be integrated numerically using the cutoff estimated from the
sum-rule for ρ.[68]. To extract the specific heat coefficient, we
subtract the zero temperature result and multiply by a factor
β2. According to Eq.(30), the result should asymptote to c/2
as β→ ∞. These are shown in Fig. 7 and Fig. 8 respectively.
FIG. 7. Numerical integration of β2(F/N − E0), which asymptotes to
c/2 at low temperatures.
One can observe in Fig. 7 an order 10−3 correction in c/2
for small κ˜. While this correction is consistent with the ex-
act diagonalisation results in Appendix A, it can also be an
artefact of perturbation theory. We thus study the dependence
of c/2 in κ˜ as we go higher orders in perturbation theory for
GR(). This is shown in Fig. 9.
The specific heat coefficient c/2 increases with κ˜. How-
ever, the higher order we go in perturbation theory for small
frequencies , the smaller is the increase for a given κ˜. This
suggests that a fully non-perturbative calculation of c(κ˜) could
lead to a κ˜ independent specific heat coefficient at least in the
limit κ˜  1.
Indeed this can also be understood analytically. First we
need to identify which term gives this contribution. The inte-
gral over the pi/2 factor in Eq.(35) gives only a cutoff depen-
9FIG. 8. Numerical integration of β(F/N − E0), which asymptotes to
s0 at low temperatures.
FIG. 9. Specific heat coefficient c/2, from Eqs.(32), (29), (30), as a
function of κ˜ for different orders in perturbation theory.
dent contribution to the ground state energy βλ2 , and is unim-
portant in what concerns c. The remaining piece can again be
studied using the Sommerfeld expansion,
−β
∫ λ
−λ
d
pi
a(, κ˜, β)
1 + eβ
=
β1
− β
∫ 0
−λ
d
pi
a(, κ˜, β)
+
pi
6β
d
d
a(, κ˜, β)|=0 + O(β−3).
(36)
From Eq.(29), we can check that dd a|=0 = − 12 for any κ˜ and
β. Thus this term gives identical to that for κ˜ = 0. Since
a is now temperature dependent, possible corrections to the
specific heat coefficient can come from the integral of a over
(−λ, 0) or from the higher order odd derivatives. However
a simple series expansion of a reveals that the leading order
temperature dependence in a comes at order O(9), which is
beyond the scope of the perturbative result in Eq.(29). One
can check that, had we gone only to order O(4) in GR, the
first order temperature dependence would have been at order
O(5). Going to order O(6) pushes the leading order tempera-
ture dependence of a to order O(7), and finally going to order
O(8) pushes it to O(9). This analytical argument is fully
consistent with the evaluation of c from Eq.(32) depicted in
Fig.9.
In Appendix A, the low temperature thermodynamic co-
efficients were studied numerically by exact diagonalisation.
Corrections to the κ˜ = 0 specific heat coefficient c = pi/6 and
entropy density s0 = 0 for κ˜  1 were found to be of or-
der O(10−3) or lower. The analytic calculations from this Ap-
pendix confirm these results. They also corroborate the claim
that the ground state of our model is dominated by the κ˜ = 0
limit of Eq.(1).
Appendix C: Analytical calculation of the Lyapunov exponent
with q/2-body interaction and q  1
In this appendix we aim to give analytical support to the nu-
merical results depicted in Fig. 3 where it was shown that, for
a fixed value of the coupling constant κ > 0, the Lyapunov
exponent λL always vanishes for sufficiently low tempera-
tures. We have managed to obtain analytical results not for the
Hamiltonian Eq.(1) but for a closely related model where the
two-body term is replaced by a q/2-body, with q  1, interac-
tion keeping the one-body random perturbation of Eq.(1). The
motivation for this choice is that, without the one-body pertur-
bation, the Lyapunov exponent can be computed analytically
at any coupling in the large q limit, providing an explicit setup
for studying the saturation of the chaos bound at low temper-
atures [12].
By following closely the method of Ref. [12], we show
below that the perturbative expansion in κ/J  1 captures
the relevant physics. For any fixed κ/J  1, we identify
a range of temperatures for which the Lyapunov exponent is
non-zero, though never saturates the bound on chaos. We also
show that it vanishes for sufficiently low temperatures. This
is in full agreement with the numerical results for the two-
body model which corroborates the existence of a chaotic-to-
integrable transition in this type of generalised SYK models.
The model and the perturbative solution.- As discussed in
the main body of the Letter, we work with following Hamil-
tonian
H = i
q
2
∑
1≤i1<i2<···<iq≤N
Ji1,i2,...,iq χi1χi2 . . . χiq + i
∑
1≤i< j≤N
κi j χiχ j , (37)
which is the q/2-interaction generalization of the original
model Eq.(17). As before Ji1i2...iq and κi j are Gaussian dis-
tributed random variables with zero average and variances
2q−1
q
(q−1)!J2
Nq−1 and
κ2
qN respectively. Note that, following [12],
we have rescaled the coupling constants: κ2 → κ2/q and
J2 → J22q−1/q. The large q limit is then defined by taking
q  1 and keeping the rescaled couplings fixed [12]. We fol-
low the same replica procedure described in the main body of
the Letter to get the following effective action
S eff = −12Tr log(∂τ − Σ) +
1
2
∫
dτdτ′
[
G(τ, τ′)Σ(τ, τ′)
10
− J
2
21−qq2
G(τ, τ′)q − κ
2
2q
G(τ, τ′)2
]
. (38)
As in [12], in the limit q  1 we can consistently expand G
as
G(τ) =
q1
1
2
sgn(τ)
(
1 +
1
q
g(τ) + O(q−2)
)
. (39)
Inserting the above in the saddle point Eq.(19) and expanding
in q, in Euclidean time we can simplify it to
∂2θg = 2(βJ)
2eg(θ) + (βκ)2, (40)
where θ = τ/β ∈ [0, 1). Together with the finite temperature
boundary conditions g(0) = g(1) = 0, this equation defines
a non-linear boundary value problem for g. For κ = 0, the
solution is given by
eg(0)(θ) =
 cos piν2cos [piν ( 12 − θ)]
2 , βJ = piνcos piν2 . (41)
Note that for ν = 0 we have βJ = 0 while for ν = 1, βJ = ∞.
Thus ν ∈ [0, 1] parametrises the flow of βJ. We linearise
Eq.(40) around g(0) (the κ = 0 solution). More explicitly, we
substitute g(θ) = g(0)(θ) +
(
κ
J
)2
g(1)(θ) + O((βκ)4) into Eq.(39)
and then into Eq.(40) to get the equation satisfied by g(1):(
∂2x −
2
cos2(x)
)
g(1)(x) =
(
βJ
piν
)2
, (42)
where we changed the θ-coordinate to x = piν
(
1
2 − θ
)
∈[
− piν2 , piν2
]
and the corresponding boundary conditions are
g(1)
(
piν
2
)
= g(1)
(
− piν2
)
= 0. The solution of this boundary-value
problem is given by
g(1)(x) =
(
βJ
piν
)2[
α(x) tan x + log cos x + x tan x
+ B(ν)(x tan x + 1)
]
(43)
where we have defined,
α(x) =
∫ x
dt log cos t =
i
2
Li2
(
−e2ix
)
+
ix2
2
− x log
(
1 + e2ix
)
+ x log cos(x) (44)
B(ν) = −
−α
(
− piν2
)
tan
(
piν
2
)
+ α
(
piν
2
)
tan
(
piν
2
)
+ piν tan
(
piν
2
)
+ 2 log cos
(
piν
2
)
piν tan
(
piν
2
)
+ 2
(45)
Note that B(ν) is a negative monotonically decreasing function
of ν bounded by B(0) = 0 and B(1) = −1 + log 2.
Lyapunov Exponent.- As discussed in the main manuscript,
the out-of-time -order four point correlator is generated by the
convolution with the real-time retarded kernel Eq.(7). At large
q, this simplifies considerably,
KR(t1, t2, t3, t4) = θ(t13)θ(t24)
[
2J2eg(τ=it34+β/2) + q−1κ2
]
. (46)
Thus, at large q the second term is sub leading. By noting that
∂tθ(t) = δ(t), we can convert Eq.(7) from an integral equation
to a differential equation by differentiating both sides with re-
spect to ∂t1 and ∂t2 ,
∂t1∂t2F(t1, t2) = 2J
2eg(τ=it12+β/2)F(t1, t2) (47)
Searching for solutions with exponential growth, F(t1, t2) =
e
λL (t1+t2)
2 f (t12) and changing coordinates to y = piνβ t12, the above
simplifies to[
∂2y + 2
(
βJ
piν
)2
eg(x→iy)
]
f (y) =
(
βλL
2piν
)2
f (y) (48)
The equation above has the form of a one-dimensional
Schro¨dinger equation for the eigenfunction f with eigenvalues
Eλ = −
(
βλL
2piν
)2
in a potential V(y) = −2
(
βJ
piν
)2
eg(iy). For κ = 0,
V(0)(y) = 2 sech2 y is the well studied Po¨schl-Teller poten-
tial. In particular, it has a bound state with energy E(0)λ = −1
and normalised eigenstate f (0)(y) = 1√
2
sech y. This implies
that for this eigenstate we have λL = 2piβ ν and therefore since
F(t1, t2) = eλL(t1+t2)/2 f (t1−t2) this bound state correspond to an
exponential growth for the out-of -time-order four-point func-
tion.
We are interested in studying what happens to this bound
state when we add the κ/J  1 correction to the potential.
Or in a more suggestive notation, when we consider V(y) =
V(0)(y)+
(
κ
J
)2
V(1)(y) where V(1)(y) = eg(0)(x→iy)g(1)(x→ iy) with
g(1)(x) given by Eq.(43). By standard quantum mechanical
perturbation theory, the correction Eλ = E
(0)
λ +
(
κ
J
)2
E(1)λ is
given by
11
E(1)λ = 〈 f (0)|
2
cosh2(y)
g(1)(iy)| f (0)〉 = 12
∞∫
−∞
dy
g(1)(iy)
cosh4(y)
=
1
2
(
βJ
piν
)2 [
B(ν) +
19
18
− log 2
]
=
(
βJ
piν
)2
δE(ν) , (49)
where 2δE(ν) ≡ B(ν) + 1918 − log 2. Therefore the correction to
the bound-state energy is given by
Eλ = −1 +
(
βκ
piν
)2
δE(ν) = −1 +
(
κ
J
)2 δE(ν)
cos2 piν2
. (50)
Letting Eλ = −
(
βλ
2piν
)2
we obtain the correction to the Lya-
punov exponent,
βλL
2pi
=
√
1 −
(
κ
J
)2 δE(ν)
cos2 piν2
' ν −
(
κ
J
)2 νδE(ν)
2 cos2 piν2
+ O
((
κ
J
)4)
.
(51)
In Fig.10 we plot Lyapunov exponent for different values of κ
with J = 1. This is to be compared with the exact numerical
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FIG. 10. Lyapunov exponent λL, Eq.(51), as a function of the inverse
temperature βJ, in units of 1/kB, for different values of κ and J = 1.
Note that βλL2pi ∼ |β − β∗| vanishes linearly near the transition, with a
slope of approximately −2κ
pi
√
72
. These results are in good quantitative
agreement with those shown in Fig. 3.
data from Fig.(3). Although we do not get exact agreement
between the critical values of β∗ for which λL = 0, the quali-
tative behaviour is similar. For κ = 0 we get saturation of the
bound at low temperatures. For any finite κ > 0, there is a
range of temperatures where a non-zero Lyapunov exponent
persists, although this range decrease rapidly as we increase
κ.
We estimate the critical temperature β∗ for which λL crosses
the real axis by doing a low temperature expansion of Eq.(51).
For βJ  1, we have
1 − ν =
βJ1
2
βJ
− 4
(βJ)2
+
24 + pi2
3(βJ)3
+ O
(
βJ−4
)
. (52)
Inserting in Eq.(51) and expanding,
βλ
2pi
= 1 − (βκ)
2
pi2
[
1
72
+
19 − 18 log pi
36βJ
+ O
(
1
(βJ)2
)]
. (53)
Thus, assuming the transition occurs for large βJ we obtain
that, to lowest order in βκ, the transition should occur when
(βκ)∗ =
√
72pi. (54)
This estimate gives β∗ ≈ 133 for κ = 0.2 and β∗ ≈ 53 for
κ = 0.5, which is in very good agreement with Fig.10 and
with the large-N result obtained numerically for q = 4 in Fig.
3.
Similarly, one can also expand Eq.(51) in βJ  1. This
gives the following high-temperature behaviour
βλ
2pi
=
βJ1
βJ
pi
− (βJ)
3
8pi
+
(βκ)2
pi
[−19 + 18 log 2
βJ
+ O(βJ)
]
,
(55)
where the O(βκ2) correction is negative, indicating that chaos
is weakened also in this regime of high temperatures.
Appendix D: Anomalous value of 〈r〉 in the infrared limit of the
spectrum
In the main text of the Letter, we have studied the Sachdev-
Ye-Kitaev model Eq. (1) where we have taken J = 1 as the
unit of energy. The eigenenergies of this model exhibit strong
correlation at both ends of the spectrum regardless of whether
the model is modified with two-body interaction terms κ > 0,
whereas it is less so if we are close to the center of the spec-
trum as the two-body terms get stronger. In this supplemental
material, we focus on the gap ratio
ri =
min(δi, δi+1)
max(δi, δi+1)
(56)
as defined in the main text, for an ordered spectrum Ei−1 <
Ei < Ei+1 where δi = Ei − Ei−1. In Figure 11 we have plotted
the average gap ratio 〈ri〉 against i for several values of κ and
N = 30.
We first observe that the values of 〈ri〉 corresponding to the
lowest 2 eigenvalues are very close to the value for the Gaus-
sian unitary ensemble. Also, the next ∼ 5 − 8 eigenvalues are
markedly larger (smaller) than the immediately following va-
lues if κ is large (small). After this, the dependence of 〈ri〉 on
i is rather smooth but still significant for some choices of κ. In
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the main text we removed 10 eigenvalues from the lowest end
of the spectrum for each sample.
Similar dependence of 〈ri〉 on the eigenstate index i is also
observed for the other values of N. In order to extract the
features of the model that should survive for large N, we have
removed ten lowest eigenvalues in obtaining 〈r〉β for the lower
part of Fig. 2 in the main Letter.
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FIG. 11. The sample average of the gap ratio ri =
min(δi, δi+1)/max(δi, δi+1), in which δi = Ei − Ei−1 is the difference
between the neighboring energy eigenvalues in the ordered spectrum,
plotted against i.
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